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Abstract 

We integrate the nonpropagating gauge field for tlie non-linear BF Lagrangian 
describing M2-branes which includes terms with even number of the totally an- 
tisymmetric tensor M^'^^ in larXiv:n8n8.2473] and for the two-types of non-linear BF 
Lagrangians which include terms with odd number of M^"^^ as well in arXiv:0809:0985. 
For the former Lagrangian we derive directly the DBI-type Lagrangian expressed by 
the SU{N) dynamical Afj_ gauge field with a spacetime dependent coupling constant, 
while for the low-energy expansions of the latter Lagrangians the integration is 
iteratively performed. The derived Janus field theory Lagrangians are compared. 
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1 Introduction 



Inspired by Bagger and Lambert [T] and Gustavsson [2] (BLG) who constructed the worldvol- 
ume theory of multiple coincident M2-branes following earlier works [3^,'^, the multiple M2- 
branes have been extensively studied. The BLG theory is described by a three-dimensional 
A/" = 8 superconformal Chern-Simons gauge theory with manifest SO (8) R-symmetry based 
on 3-algebra with a positive definite metric, that is, the unique nontrivial algebra [5]. 
However, this Chern-Simons gauge theory expresses two M2-branes on a /Z2 orbifold [6]. 

A class of models based on 3-algebra with a Lorentzian metric have been constructed 
by three groups [71 |H1 E] where the low-energy worldvolume Lagrangian of N M2-branes 
in flat spacetime is described by a three-dimensional superconformal BF theory for the 
su{N) Lie algebra. Using a novel Higgs mechanism of ref. [10] the BF membrane theory has 
been shown to reduce to the three-dimensional maximally supersymmetric Yang-Mills theory 
whose gauge coupling is the vev of one of the scalar fields [TJ (H [11] . For the prescription of 
the ghost-like scalar fields a ghost-free formulation has been proposed by introducing a new 
gauge field for gauging a shift symmetry and then making the gauge choice for decoupling 
the ghost state [III [13], [H] . In ref. [15] starting from the maximally supersymmetric three- 
dimensional Yang-Mills theory and using a non-Abelian duality transformation due to de 
Wit, Nicolai and Samtleben (dNS) [16j, the Lorentzian BLG theory has been reproduced. 

The relation between the M = Q superconformal Chern-Simons-matter theory [17j and 
the Af = 8 Lorentzian BLG theory has been studied [IHl [IHl [2D1 E] • The various investiga- 
tions related with the BLG theory have been performed [22l [23l [Ml [25] 

There has been a construction of a manifestly SO {8) invariant non-linear BF Lagrangian 
for describing the non-Abelian dynamics of the bosonic degrees of freedom of N coincident 
M2-branes in fiat spacetime, which reduces to the bosonic part of the BF membrane theory 
for SU{N) group at low energies [2S|- This non-linear Lagrangian is an extension of the non- 
Abelian DBI Lagrangian [271 [28] of coincident D2-branes and includes only terms with 
even number of the totally antisymmetric tensor M^"^^ . Further, two types of non-linear BF 
Lagrangians have been presented such that they include terms with even and odd number of 
M^^^ [29] . A different kind of non-linear gauged M2-brane Lagrangian has been proposed 
for the Abelian case [30j. 

As a related work, it has been shown that starting with the M = 8 supersymmetric 
Yang-Mills theory on D2-branes and incorporating higher-derivative corrections to lowest 
nontrivial order, the Lorentzian BF membrane theory including a set of derivative corrections 
is constructed through a dNS duality [31j (see [32]). The higher-derivative corrections to the 
Euclidean BLG theory have been determined [33] by means of the novel Higgs mechanism 
and also shown to match the result of [3T]. The couplings of the worldvolume of multiple 
M2-branes to the antisymmetric background fluxes have been investigated by using the low- 
energy Lagrangian for multiple M2-branes [SI [35] as well as the non-linear BF Lagrangian 
[36] . There have been proposals for the non-linear Lagrangians for describing the M2-brane- 
anti-M2-brane system [37j and the unstable M3-brane [38j . 

We will perform the integration over the redundant gauge field for the non-linear 
BF Lagrangians of ref. [26] and ref. [29], to see how the Lagrangians are described by the 
dynamical gauge field. We will carry out the integration directly for the non-linear 
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Lagrangian of ref. [2S], while the integration will be iteratively performed for the two 
types of non-linear BF Lagrangians of ref. [29]. These three integrated Lagrangians will 
be compared. 



2 Non-linear BF Lagrangian with even number 

of M^'^^ 

We consider the non-linear BF Lagrangian for SU{N) group which describes the non-Abelian 
dynamics of the bosonic degrees of freedom of M2-branes in flat spacetime [26] 



= -TaSTr (J- det [r]^, + ^^D^X^QjjD^XJ^ (det Q)'/^ 
+ Tr (^le^'^^E^F.A) + {d,XL - Tr(X^i?^))9'^X^ 
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- Tr ^^D.X'd^Xi - \ (^^j d.Xld^Xi)^ , (1) 

where = X^X^^ and the M2-brane tension T2 is related to the eleven-dimensional Planck 
length scale Ip as T2 = l/(27r)^/p. The two non-dynamical gauge fields A^, B^ and the scalar 
fields X^ (J = 1, ■ ■ ■ , 8) are in the adjoint representation of SU{N) and X^ are SU{N) 
singlets. The covariant derivative is defined by 

D^X' = D^X' - ^^±^d^Xl D^X' = D^X' - X^B^, D^X' = d^X' + i[A^, X'] (2) 

and the SO (8) tensor Q^"^ is given by 

g" = ^" + ^(det^-l), ^" = 5^' + ^^, (3) 
^+ VJ^2^Xl 

where m^"^ is expressed as 

m'-^ = X^M'-^'', M'^"" = X'^[X^,X'']+X^[X'',X']+X^[X',X-^]. (4) 

In ([1]) Qjj denotes the matrix inverse of Q^"^ and STr is the symmetrized trace [27]. The 
non-linear Lagrangian L is invariant under the obvious global SO (8) transformation and 
the SU{N) gauge transformation associated with the gauge field, and further the non- 
compact gauge transformation associated with the B^ gauge field 

6X^ = X^A, 6B^ = D^A, 6X^_^ = 0, 6XL = Tr(X^A). (5) 

The terms except for the first non-linear term and the second BF-coupling term in ([T]) are 
added to have consistency with the low-energy Lagrangian. In the non-linear Lagrangian L 
only the symmetric part of Qj} is taken into consideration. 
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We introduce a Lagrange multiplier p to rewrite the square root term in as 



1 ^ 
1 ^ 



- - det ( f]^, + -D^X'QjjD^Xj) (det Q) 



^det(r/^, + -D^X^QjjD^X'') - ) (detQ) 



vl/4 



(6) 



where a matrix can be treated as a c-number within the symmetrized trace. Owing to 
Qlj = Oj/ the relevant tensor is rearranged as 



-'2 



(7) 



where 



B„ 



Vf.u + ^D^X'PjjD^X^ 

-L2 



D„X^ = D..X^ - ^h^d,.X[ 



2 + 5 



with 



(8) 



(9) 



which is orthogonal to X^ as X^Pjj = 0. 

The expression ([6]) together with ([7]) is quadratic in B^ so that the equation of motion 
for the auxiliary field -B^ is given by 



D.X'QjjX:'' 



V 



where 

with a projection operator 



T2det(7(XfQ]^iX^)(detQ)V4 
= dt'XlPjjX-^ 

xlxi 



uX 



XI 



(10) 



(11) 



(12) 



Substituting the expression ( fTOl) back into the starting Lagrangian accompanied with the 
replacement (E]) and solving the equation of motion for p we get 



STr 



-T2{deiQf'^J-detg 



\ 2T2(XfQ]^iX^)VdetQ 



Df^X QijX+ /I .^Ap , 



+ Lo, 



(13) 
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where 



^+ 2\ XI 



X 



2 -^M" 



Here we use the identity for 3 x 3 matrices g^j.^ + aJF^j/ with jF^j, = — JFj^^ 
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det((7^,) ( 1 + -a'J^^uJ^p^g^Pg'"' ] = Aet{g^, + aj^^,) 



to obtain a DBI-type Lagrangian 



STr 



-T2(detQ) 



1/4 



det g^^y 



+ 



The inverse matrix of Q^^ in ([3]) is given by 



'7^2(XfQ7AX^)(detQ)V4 



XI det 5 Vl-mo 



mo 



/J 



where an orthogonal relation m X;l = is used and 

ij 



mo 



1 - mo 



m, 



IJ 



T,Xi 



=m 



/J 



(14) 
(15) 

(16) 



(17) 



(19) 



with (mg)^*^ = ml^m^'^. Since only the symmetric part of matrix Q/J is taken into account 
in the Lagrangian, the expression ( |T8|) is modified to be 



det5 + 



mn 



/J 



1 — ITLq 



(20) 



which obeys Qjj = Qjj and includes only terms with even number of M^'^^ as expressed 
by 

= K/' + K/' + K)" + ---- (21) 



1 — mo^ 



From this expression the following SO (8) invariant factors are simplified as 



X^QjjXl - X^ 



det^' 



D.X'QjjX' 



1 



(22) 



and the tensor Pjj in © is also given by 

Pu - QJ3 - ^sb- (23) 

The relations in (1221) together with detQ = (detS*)^ make the DBI-type Lagrangian ffTTj) a 
simple form 



-TsSTr 



det I Qf^u + —r^=T^u I (det S) 



a/2 



where g^y defined in ^ is rewritten by 



+ Trf ^^^'^+ fV^F.,-xM)+Lo, (24) 



... - + 4^.^^ - ^ (rf|;) ) ^^^^ (25) 

and there is a relation derived from ffT^ 

^e^'^'^.A = \e^''^F,x - x^. (26) 

Thus from the non-linear BF Lagrangian with two nonpropagating gauge fields A^, we 
have integrated the auxiliary gauge field to extract the DBI-type Lagrangian expressed 
in terms of the SU (N) dynamical gauge field. 

Now to perform the low-energy expansion for the non-linear Lagrangian ( 12^ . we calculate 
det S^'^ for 8x8 matrices by making the I/T2 expansion as 

where m^'^ = —m^^ is taken into account and {m^Y^ = —X'^M^'^^M^'^^/S. There is the 
following identity with finite terms for any 3x3 matrices A^^, 

det(r7^, + V) = detr]{l + tT{r]-^A)~hT{7]-^Af + ^(tT{r]-^A)y 

+ ^tr(r/-iA)3-itr(r/-M)tr(r/-M)2), (28) 



which gives the I/T2 expansion for detg^u in ( |T3|) 

det<7M. = -(l + ^D^X'PjjD''X' + ^(-Id^X'PjjD,X'D''X''PklD''X'' 

+ ^{D.X'PjjD^Xy - ^D.X'm'VD^X') + O (29) 
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We see that the S0{8) vectors D^X^ are contracted with (m^)^"' and the projection operator 
P^"^ . It is convenient to express the square root factor including J-'^iy in ( JT3l) in terms of 
pfj- = e^''^Fvx/2 — which appears as an interaction D^X^ X^F^ / X"^ in and expand 
it through (ES]) and ([29]) as 



1 - JrV^'-P"')-- + ^ji^[F,F''D,X'PuD''X' 



- W^D^X^P,,D,X^ - + O (^^j . (30) 

Gathering the expansions ( 1271) . ( !29l) and (|30l) in (!24l) or (fT3l) we obtain the low-energy 
effective Lagrangian whose leading part is given by 

L = -NT2 + TT (^^M^-^^M"^ - ^D^X'PjjD^'X' + ^F^F'' + ^^^X^X^F^^ +Lo, 

(31) 

where F^F^ /2X'^ is alternatively expressed as —f^^f^^/iX"^ in terms of f^^ = F^y + ^^v\x^- 
This leading Lagrangian shows the Janus field theory with a spacetime dependent coupling 
constant in ref. [11] (see [39]). This Lagrangian is rewritten by the following form 

L = -NT2 + Tr (^^M^-^^M^^^ - ^D^X'PijD^^X-' + -^X'S'^XiiX-'d^Xi 

-2D^X'xi) - -^F^,F>'^ + ^e^^'^FyxiD^X'xl - X^d^X^)^ + d^Xid^X^, (32) 

which is further compactly represented by 

L = -NT2 + Tt( —M^-'^M^-^^ --D.X^D^'X^ 
V12 2 ^ 

+ ^ (^e^^^F.A + D'^X'xi - X^9^X|)'j + d^XLa^^Xl (33) 
The subleading terms of order I/T2 are derived as 



— STr 

8T2 



1 T T TT(' ItT T 1 1 



((M"^)2)2 + 2D^X^ PijD^X'^ D^X^ PklD^X^ 



(X2)2 36 

^{M''''fD,X'PuD^X' + ^ 



{D^X^PijD^'X-^f + -{M^-^^fD^X^PijD^'X^ + ^D^XW^m^-^D'^X'^ 



(p pti\2 TP TTfJ- AF F 9F Ff^ 

The last four terms including F^ = e^^^ fy\/2 in ( l34l) are expressed in terms of /^j, as 



.(34) 



(35) 



where a f^i, is accompanied with a factor 1 / \l X\. The trace is taken symmetrically between 
all the matrix ingredients f^^, D^X^ , M^'^^ so that the expression ( l35l) is described by 



12T2XI 



Tr 



i(2^,r-5,X^5^X-^ + f^,DyX'f>^'^D^XJ)Pu 



(36) 



+ (2(///'^'^ + f^^f^')D,X'DpX-' + fPD^XTDpXJ + f-D,X'f^^PDpX') Pjj 
V^{V,urfp.r + UufpaFT) + 3^(2^,r-(M"^)2 + /^.M^^r'^M"^) 



The potential part in is also expanded as 



24T2 



Tr 



Here we write down the remaining terms 



IJK\2\2 



(37) 



12T2 



Tr 



D^X^D^X'^D^X^Di^X^ + D^X'D^X^D^'X^D^'X^ + D^X' D^X^ D^X^D" X'' 



-D^X'D''X-^D^X^D''X^ - ID^X^D^X^D^X-'D^X^ 



12T2 



Tr 



PijPkl (3J 
^^^^^{Df.X'D^'X'' + D^X^D^X') - -^{D^X'm'^DPX-'m''^ 



+m^'D^X'm^-'D^'XJ) + \{2{M^^'^fD^X'PijDPXJ + M^^'^ D^X' M^^'^ D^X^ Pu) 

3 Two non-linear BF Lagrangians with even and odd 
number of M^^^ 

There are propositions of two types of non-linear BF Lagrangians for multiple M2-branes, 
which include terms with even number as well as odd number of M^'^^ [29]. One type is 
presented by 



= -TsSTr (^-det (v,. + ^^^X^i2^-^^,X-^) (det ^O^/^^ 

+ ^e^-^' (tt{B,F,,) - ^STr(D^X^D,X^M^^^(5r^)^^^AX'^; 



(39) 



+ {d^XL - TT{X'B^))d^Xi - Tr 



d„XidPXi 



where the symmetric tensor is defined by 

xixi 



Si' 



5" 



+ 



1 



1 



IKM n^-JKN 



To 



V det Si 



(40) 



Because of det Si = (det 5)^ the symmetric tensor i?^"' is identical to Qj] in ( !20|) . and 
{detSiY^^ = (det Q)^'''', so that the Lagrangian Li except for terms with odd number of 
]\^iJK j-gfj^Qgg to L in ([T]). For this topological BF Lagrangian we consider the integration 
over the gauge field to obtain a dynamical gauge theory Lagrangian. Since the type one 
Lagrangian Li contains not only the mass term of but also the cubic term, we cannot 
perform the B^ integration directly. Instead, we begin to make the low-energy expansion for 
the non-linear term in (l39l) up to I/T2 order 



T2N + STr 



+ jri-ZiB 



-D.X^D^X^ + -A^' 

+ ^{A^^D^X'Df'X-' + A'-^A-^' - ^{A''f\ 



(41) 



where 



A 



ij 



j^IKMj^JKN 



M yN' 



XfX_ 
~Xl 



XI 



(m 



2\IJ 



z{B^) = ^{^b^x'bi'x^f -2D^x'b^x'iD''x-^b^'X' 

+ W,X' ( A'' + ^^i^A^'A b^^xA . 



(42) 



The algebraic equation of motion for B^ reads 



XliD^'X' - XlB^') + -e'"'^F^x-x^ 



1 

7^ 



Ia^'xHD^X' - XiB^') + -^+'-e 
4 OB^ 2 



6B„ 



(43) 



with Xp^xiB^) = bpX^b^X'M'^-^bxX-' . The solution can be iteratively derived by 5^ = 
B^ + /T2, with 

\^{XlD^X' + ^e^'^'F,;, - x'^) (44) 



^0 



Xi 



and 



Xi \4 



^ A^'xiiD^'X' -XiB^)+ 



5B,. 



SB., 



B. 



(45) 
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where the expression of Bq (1441) is inserted into the last two derivative terms. Substituting 
this solution back into the low-energy Lagrangian of Li (l39l) we obtain the same leading 
Lagrangian as (!3Ti) through a relation 



and the following correction terms of order I/T2 



X'i 



-XiF^ 



^STr Ud^X^ - XlB,^)XlB'l + \a'\D,X' - XiB,^){D>^X' - XiB^\ 



(46) 



(47) 



The subleading terms except for the terms including X^^x^Bq) and dXp^x/ 5B^\qi^ are de- 
scribed by 



jr STr 



- [a^^D.X^PuD^X'' - A^^ 



X'i 



II\2 



1 

4 
1 



+ 4 ( ^^X^P.j^.X-^D'^X^PxL^^X^ + ^^^D^X'PuD'^X' + 
(D^X'PjjD^X'f + '^^^D^X'PjjD'^X' + 



2 



+ 



2X 



D,.X^m^^m^^Di'X' 



2 -^M 



(4J 



It is noted that the S'0(8) vectors D^X^ are contracted with {m'^)^'^ and the projection 
operator P/j which is due to ( H6|) . The expression ( l48l) is confirmed to agree with (IMI) . Thus 
we have observed that these subleading terms obtained by the iterative procedure for the 
B^ integration in the low-energy Lagrangian reproduces the previous expression fl34p which 
is derived by the low-energy expansion of the effective DBI-type Lagrangian generated by 
the exact B^ integration. 

The remaining terms lead to 

-STrfe^'^%,,(Po^) + e''^^^^l 



2T2 



SB,, 



— e'^^^STr M^-^^DpX^D^X^DxX^ - 



3m 



ij 



^2 M-^i' 

where M^^^ is a totally antisymmetric tensor defined by 

1 
X 



F„D,.X'DxX^ 



(49) 



(50) 



which is orthogonal to X^ as M^^^X^ = 0. This expression including single M^'^^ is 
rewritten by 



2T, 



■STr(e'''^^M"^P)^X^P)^X^P)A^^ + 3m^-^ /'"'D^X^ D^X'^ 



(51) 
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We see that there is a couphng between the gauge field strength F^^ and m^^ D ^X^ D^X^ . 
The symmetrization in (ISTll is taken as 



2Tr 



■Ti{e'"'^M^^^D^X^D^X^DxX^ + m^-^ D^X^ D^X^ 
+m^^D^X^ f^D^X-^ + m^^D^X^D^X^ f^""), 



(52) 



where the first term remains intact. 

Now we turn to the other type of non-hnear Lagrangian for non-Abehan BF membranes 

L2 = -TaSTr (^-det (r^,, + ^D.X^ {S^^J D^X-^ydet S^f'^^ 



(53) 



+ [d,xl-i:i{x'B,))d^'xl-Ti\^^b,x'd^xl-im^\ d,xld^xl\, 



X. 



2 V Xi 



where the symmetric tensor S^'^ is defined by 



S'' = 5'' - —B 
2 2To 



ij 



(54) 



with B^'^ = M^^^' M'^^^ = {M'^Y'^ . We make the following low-energy expansion for the 
non-linear term in 



T2N + STr 



-D.X^D^'X^ + —B^^ 
2 ^ 12 



+ 



^ [-W{B,) + 1 [^B^^D.X'D^^X' + \b^'b'^ - ^{B^'?)) 



(55) 



where 



W{B, 



{jD^x^b^x^f - 2b^x^b^x^b''x-^b^x^ + 2b^x^B^-^b>'x-^ 



(56) 



The algebraic equation of motion for B^ is also given by 



Xi (D^X^ - X^B^") + ^e^^'^F^x - 



(57) 



whose solution is iteratively derived by B^ = Bq + B1/T2 where Bq is the same expression 
as dHD and is 



5f 



1 ^^B''xiiD>^x' - xiBi;) + 



Xi \ 12 



SB,, 



■ 2 



55„ 



(58) 
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The substitution of this solution into the low-energy Lagrangian of L2 (I53p yields the same 
leading Lagrangian as (l3Ti) and the following subleading terms of order I/T2 



^STt({D^X' - XLBo,)XIB'^ + ^B'\D^X' - XiB,,){D^^X' - X^B, 



24 

+^{B''B'' - i(B^O') - W{B^) + F^B,^ - '-t^^^X^^B, 



(59) 



We use an identity B = 3A to express (1^ as sum of (HUI) and 



^ STr 



-(A^''D„X'PrjD^X' -A''^''^' ' ^^^-2UJ,,,2^j/ 1,,/A2 



-|^ + -(M^)^-^(M^)-^^--(A^ 



+ - iD,X'PjjD,X'D''X''PKLD^X'^ + -^D^'X'PuD^X' + ^^^^j^ 



1 ; - - 2F F^ - 

- - {D^X'PuD^^X'f + -^D.X'PuD^X' + 



1 
8 

-D^X'M'^'''M'^''''D^'X' 
4 ^ 



{XIY 



(60) 



where M^*^^ = p^k^kmn ^ relation M^*^^m^^^ = is used. The I/T2 corrections 
show almost similar expressions to 0481) with two different terms which are a potential term 
(M2)"(M2)-^76 and an interaction term -D^X^ M^^^^ M-'^^ D^'X'^ /A. 



4 Conclusion 

Without resort to the low-energy expansion we have performed the integration over one 
Chern-Simons nonpropagating B^ gauge field exactly for the non-linear Lagrangian of the 
BF membrane theory in ref. [22], which includes terms with even number of M^'^^ . We have 
observed that there appears a non-linear DBI-type Lagrangian for the worldvolume theory 
of M2-branes where the other Chern-Simons A^ gauge field is promoted to the SU{N) 
dynamical propagating gauge field. 

In the non-linear DBI-type Lagrangian the coefficient factor of the modified field strength 
J-'^u takes a compact form 1 / ^Jt^X^ which yields the kinetic term of gauge field —F^^F^^/ 4X^ 
with a space-time dependent coupling field Xl_ in the leading low-energy expansion. In the 
same way the linear term of F^ also takes a compact interaction D ^X^ Xl^F^ / X"^. The 
subleading terms including dynamical gauge field strength F^^ are expressed in terms of F^ 
or alternatively f^^p which is a specific combination of F^y and an 5*0(8) invariant contrac- 
tion of scalar fields with the projection operator d^X^PjjX'^ . In the subleading terms the 
5*0(8) vectors D^X^ are contracted with P^^ and [m^Y'^ consisting of two M^'^^ , which 
are orthogonal to X'^. This Lagrangian is regarded as the non-linear extension of the Janus 
field theory Lagrangian in ref. [TT] . 

For the two types of non-linear BF Lagrangians in ref. |29j which include terms with even 
and odd number of M^"^^ , we have made the low-energy expansion and then carried out the 
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integration by solving its equation of motion in the presence of the I/T2 order corrections 
through an iterative procedure. In the type one Lagrangian Li we have demonstrated that 
there appear indeed various terms at order I/T2 in the iteratively integrated effective 
Lagrangian, but they except for terms with odd number of M^^^ are reshuffled to be in 
agreement with the I/T2 order terms in the low-energy expansion of the above exactly 
B^ integrated Lagrangian of the DBl form. In the type two Lagrangian L2 the effective 
Lagrangian has been observed to have almost similar I/T2 order corrections except for two 
terms, where D^X^ are contracted with P^^ as well as M^'^'^^ M-J^'^^ which is also orthogonal 
to X^. The remaining terms including single M^^^ in both effective Lagrangians consist of 
two kinds of interactions specified by e^^^M^-^^ D^X^ D^X^ DxX^ and m^^ f^" D^X^ D^X^ 
where the SO (8) vectors D^X^ are contracted with the tensors M^"^^ and m^'^ which are 
orthogonal to X^. 
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